the product a-8 of two curves a and 8 is the curve a followed by 8, and the inverse or1 is obtained from a by changing the orientation of a. A curve is irreducible if it cannot be expressed in the form a-y-y^-S, where a, 8, y are curves. As in [3], we associate to each curve a the formal power series We begin with considering curves in a differentiable manifold 9ft. For the purpose of proving the main result, one may replace the manifold 9ft by the affine space dtm in all arguments.
The main result relies heavily upon Fundamental Lemma which asserts that, for each irreducible curve a, there is some iterated integral not vanishing along a. This lemma is indeed the center of this paper, and the majority of the definitions and lemmas in § §1-3 are aimed at its proof.
If coi, • • • , wm are differentials in a differentiable manifold 9ft, then we may define for a curve a in 9ft, the formal power series 
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License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use K.-T. CHEN [November continuous except for a finite number of jump discontinuities in the interior of the closed interval [a, b] . In other words, the left limit ot(h -) = Hm a(t) '-Co- exists for a<t0Sb; the right limit a(ta+) =limt^t'0+(x(t) exists for aSto<b; and only for a finite number of /, a<t<b, the inequality a(t -)^a(t+) holds. A point / of [a, b] is called a value of a and is said to be an interior or end value according as it is an interior or end point of [a, b] . If ct(t+) p^a(t -), then t is called a jump value of a, and a(t) is taken to be the pair a(t+), a(t-), both of which are called points of a. The trace of a is the set of all points of a. Two paths of disjoint traces are said to be disjoint.
It is clear that, if a(t) is given except for a finite number of values of t, aStSb, then the path a is uniquely determined. Therefore we shall often treat a path without providing separate descriptions regarding its jump discontinuities.
Let Unless otherwise specified, a path hereafter will be taken to be at least piecewise regular. It is evident that a is regular neither at a knotty value nor at a reducible value.
The following assertion is evident. If sEI, then, for p^l,
The above formula may be easily obtained by induction on p. The case p = l is trivial. We show the case p>l by differentiating the both sides of (2.1) with respect to 5 and applying the induction hypothesis. 
Then by the induction hypothesis the lemma holds for both
is a linear combination of the integrals JZfi^dt ■ ■ ■ f,pit)dt.
If \f,it)\ SM, aStSb, i=l, ■ ■ ■ , p, then the inequality
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can be easily verified by induction on p.
Lemma 2.2. Let fi(t), g,(t), i = l, ■ ■ ■ , p, be piecewise continuous with \fi(t)\ =M, \gi(t)\ gikf, \gi(t)-fi(t)\ g5/or og/g6. Then, for p^l,
Proof. The case p = 1 is trivial. Using the induction hypothesis, we have, for p^2 and a^r^b, It is clear that there exists a C°° function g(x) such that g(x)=0 for |x| ^/x, g(x) 3^0 for |x| <p, and g(0)>0. Construct the differential co< which takes the form g(xi) • • • g(xn)rfxi within the cube of all points p, |x,-(p)| <Mi j = l, ■ ■ ■ , n, and vanishes outside the cube. If oii does not vanish at a(t), then a(t) lies within the cube and is thus a point of 0,. Moreover,
Hence the lemma is proved.
Corollary.
/co,, ■ • • wip = 0 if some iq ^ j. Thus a new set B of paths is constructed from Bi. It is not difficult to see that B is admissible with respect to the division of a. Hence the lemma is proved. Definition 3.1. Let a, B, y, ai, a2 be paths in 9Jc such that a and B are respectively equivalent to ai-yy~l-a2 and ai a2. Then a is said to be reduced to B, and the process of reducing a to B is called a reduction. If a* is an irreducible path obtained from a path a by applying successively a finite number of reductions, then a* is called an irreducible path of a. We take the empty path for the irreducible path of y-y-1. Theorem 3.1. A piecewise regular path a in 3D? has one and only one irreducible path a* up to equivalence.
Proof. It follows easily from Lemma 1.2 that a has at least one irreducible path a*. Suppose that a' be another irreducible path of a. Let «i, • • • , com be any Cr~l differentials in 9JJ, and ©, the corresponding exponential homomorphism. Then ©(a) =©(a*) =0(a'), and 0(y) = l where 7 =a-a'-1. If 7 is empty, then both a* and a' are empty, and the theorem holds. Assume that 7 is not empty. As a consequence of Fundamental Lemma, 7 is reducible and its irreducible path is empty. Since both a* and a' are irreducible, the path 7 has only one reducible value. By applying Lemma 1.2, we conclude that a* and a' are equivalent.
Hence the theorem is proved.
4. The uniqueness theorems. 2ZhiyiPit)))dyjifiit))/di = *i0(t)) j-i = dXi(fi(t))/dt = dXi(ar(t))/dl = 2Zhiyicrit)))dyj(ar(t))/dt.
3=1
In other words, for sSt<s+b', both y =y(B(t)) and y=y(ar(t)) are solutions of the system of differential equations According to the fundamental existence theorem of differential equations, (4.3) possesses a unique solution about t = s with the given initial condition, and so does the system (4.2). Hence y(0(t)) -y(ar(t)) i.e. 0(t) =ar(t), sg/<s+o, for some §>0, and the theorem is proved. 
